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Abstract 
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even and with natural ghost and parity degrees for 
all fields. The associated proper solution of the classical Batalin-Vilkovisky master 
equation is constructed from first principles. Both of these formulations can be 
used as starting points for second quantization. In the case of time reparametriza- 
tion invariant systems, the relation to the standard fi^odd master action is 
established. 



* Research Associate of the National Fund for Scientific Research (Belgium). 
' Postdoctoral Visitor of the National Fund for Scientific Research (Belgium) . 



Contents 



n — 
|i 


Introduction! 


2 


Generalities on BFV and BV formalisms! 




2.1 Classical Hamiltonian BRST theorv| 




2.2 Master action for first order gauge theories! 




2.3 SuDerfield reformulation! 




2.4 BRST operator quantization 



3 


BFV and BV formalisms for BRST first auantized gauge systems! 




3.1 Geometry of BRST Quantum mechanics 




3.2 BRST Quantum mechanics as classical BFV system 




3.3 Proper master action for BRST quantum mechanics) 



4 Master action and time reoarametrization invariancd 




4.1 Tensor constructions 


4.2 ReinterDretation of master action for BRST quantum mechanics! 


4.3 Time reDarametrization invariant systems! 


4.4 Quantization of trivial pairs and Chern-Simonsj 



5 Discussion 



Ac 


mowledgmentsl 




ADDendix A: Formulation of suDermanifold in terms of comolex coordinates! . 




ADDendix B: Dirac observables and cohomoloev of ^.fi^)] 




Appendix C: Quantum BRST state cohomoloev of tensor products! 



Bibliography 



1 



1 Introduction 



It has been realized in [HI3E1 (see also jlj) that the action of open bosonic string field 
theory [SHE], with free part given by the expectation value of the BRST operator, should 
be understood as a solution to the classical Batalin-Vilkovisky (BV) master equation. 
The collection of fields, ghosts, and all the ghosts for ghosts corresponds to the coefficients 
of the states in negative ghost numbers, while the associated antifields correspond to the 
coefficients of the states in positive ghost numbers. In the standard gauge field theory 
context, however, a proper solution to the Batalin-Vilkovisky master equation is obtained 
from a gauge invariant action, a generating set for its non trivial gauge symmetries and, 
if needed, associated reducibility operators 001211101111] (see also [12J [TH] for reviews). 

The purpose of this paper is to construct from basic principles the proper solution of 
the master equation associated to a theory first quantized using the Hamiltonian BRST 
operator (or "BFV") formalism jTU [T3 EH] (see also [T7j) and to relate it with the 
standard master action of PQI21E1- This involves several steps: 

1. the reformulation of BRST quantum mechanics as a classical Hamiltonian BRST 

system; 

2. using the known proper solution of the master equation for Hamiltonian BRST 

systems; 

3. for time reparametrization invariant systems, relating the constructed master ac- 
tion to the standard one by showing that they differ by the quantization of classi- 
cally trivial pairs. 

The first two steps are treated in section 03 while section 0] is devoted to the last step. 

More precisely, for the first step, it has been pointed out by many authors (see 
e.g. (TBI UHj and [201 EQ 122] for reviews and further references) that the Hilbert space 
of quantum mechanics can be understood as a (possibly infinitedimensional) symplectic 
manifold and that the Schrodinger evolution appears as a Hamiltonian flow on this phase 
space. This point of view provides a useful set-up for second quantization. In order to 
apply these ideas to gauge systems quantized in the operator formalism according to 
the Hamiltonian BRST prescription, one also needs to understand in this context the 
physical state condition Clifj = 0, as well as the identification of BRST closed states up 
to BRST exact ones. The latter two problems alone have been faced in the context of 
string field theory 00111123, with the somewhat surprising conclusion that the object 
is not a BRST charge, but a solution to the master equation. This is due to 
the fact that the ghost pair associated to the mass shell constraint is quantized in the 
Schrodinger representation. 

In our approach, we will start by assuming that the number of independent con- 
straints is even so that there is also no fractionalization of the ghost number. There is 
no loss of generality in this assumption, since one can always include some Lagrange mul- 
tipliers among the canonical variables together with the constraints that their momenta 
should vanish. 

In subsection 13.11 we then associate to BRST quantum mechanics a Kahler super- 
manifold. In particular, the even symplectic form of ghost number is determined by the 
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imaginary part of the non degenerate hermitian inner product. In appendix A, we discuss 
the geometry of this supermanifold in terms of complex coordinates. In subsection 13.21 
it is shown that, as for non gauge systems, time evolution in the supermanifold corre- 
sponds to the Hamiltonian flow determined by the "expectation value" of the BRST 
invariant Hamiltonian H = —^(^/,H^), where \I/ denotes the "string field". On the 
supermanifold, the physical state condition then coincides with the constrained surface 
determined by the zero locus of the BRST charge f2 = — ^{^, fl^). These constraints are 
first class, and so is H. Furthermore, on the supermanifold, the identification of BRST 
closed states up to BRST exact ones corresponds to considering Dirac observables, i.e., 
functions defined on the constraint surface that are annihilated by the Poisson bracket 
with these constraints. As has been shown in p4"j . constraints associated to the zero 
locus of the BRST charge are special in the sense that the cohomology of the BRST 
charge itself provides directly the correct description of these Dirac observables, without 
the need to further extend the phase space. In order to make the paper self-contained, 
a formal proof adapted to the BRST charge fl is provided in appendix B. From the 
point of view of the symplectic supermanifold, BRST quantum mechanics becomes thus 
a classical Hamiltonian BRST system described by H and Q. 

Concerning the second step, the proper solution of the master equation associated 
to a first order Hamiltonian gauge theory and its relation to the Hamiltonian BRST 
formalism is well known |23 123 I2H1 123 E01 EH E2I A convenient "superfield" 
reformulation [33] of such a master action also exists. These are reviewed in section [2] 
together with the basic formulas of BRST operator quantization 1 . In subsection 13. 3| 
the above results are applied to derive the master action S for the classical Hamiltonan 
BFV system of ft and H. 

In subsection 14.11 we discuss tensor products of Hamiltonian BRST quantum me- 
chanical systems at the level of the associated classical field theories. For later use, the 
assumption that the inner product is even is dropped so that the bracket may be either 
even or odd. In subsection 14.21 it is shown that the master action S associated to f2 
and H can be directly obtained from the BRST charge CIm of the parametrized system: 
the master action is given by S = h(^M, &m^m)m, where ^ m is the string field of the 
parametrized system; the ghost pair of the reparametrization constraint is quantized in 
the Schrodinger representation so that (•, -)m is odd. 

Finally, to complete the last step, we consider in subsection 14.31 the case of systems 
that are already time reparametrization invariant and are quantized with an odd inner 
product, originating for instance from the Schrodinger representation for the ghosts asso- 
ciated to the mass-shell constraint (see e.g. |3l)ll36| ). The master action S is then shown 
to differ from the original S st = l^st; ^ x I / st)st by two classically trivial pairs, quantized 
in the Schodinger representation 2 . More precisely, we show that S corresponds to the 
tensor product of the system described by S st with the system described by the Hamil- 
tonian BRST charge f2 aux associated to the trivial pairs. Had these pairs been quantized 
in the Fock representation instead, we use the results of subsection 14.11 to show that S 
could have been consistently reduced to S st . In the Schrodinger representation, however, 

Except for the conventions related to complex conjugation, we follow closely reference |12j . to which 
we refer for further details. 

2 Trivial pairs in string field theory have been used previously in a different context in |87| . 
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the master action S involves two more dimensions than S st . In subsection 14. 4[ we show 
that f2 aux is the BRST charge of complex Abelian Chern-Simons theory. Without ad- 
ditional ingredients, the master action S can then not be directly reduced to S st . This 
is not really surprising since the Fock and the Schrodinger quantization are not unitary 
equivalent. We conclude by giving some additional remarks on the BRST charge f2 aux 
and the associated master action. 

2 Generalities on BFV and BV formalisms 

2.1 Classical Hamiltonian BRST theory 

A Hamiltonian approach to gauge theories involves a symplectic manifold A4o with 
coordinates z A , constraints G ao , which we assume for simplicity to be first class and 
even, {G ao , G bo } Mo = C aoho c °G co , and a first class Hamiltonian H with {H ,G ao } Mo = 
V ao b °Gb - The constraints may be reducible, Z%°G ao = 0, with a tower of reducibility 
equations Zal' 1 ' Ztlzl ~ 0, where ~ means an equality that holds on the constraint 
surface. Even though we use a finite-dimensional formulation, this section also formally 
applies to field theories by letting the indices A, a range over both a discrete and a 
continuous set. 

In the Hamiltonian BRST approach, the phase space is extended to a symplectic 
supermanifold M. by introducing the ghosts rf k and the ghost momenta 7\ of parity 
k + 1 with {V ak ,rj bk }M — ~$a k k - We take these variables to be real. Our convention 
for complex conjugation involves transposition of variables together with a minus sign 
when exchanging two odd variables. On the extended phase space, the ghost number 
of a function A that is homogeneous in if and V\, is obtained by taking the extended 
Poisson bracket { ■ , ■ } M with the purely imaginary function 

(2.1) g = % - J> + iM*v ak - v ak rp>) , {A, g} M = ig h(A) a . 

k 

Out of the contraints, one constructs the nilpotent BRST charge of ghost number 1: 

(2.2) n = ^G ao +5> afc ^«r i ?V 1 + ••• . \{^}m = o. 

k>l 

Furthermore, the first class Hamiltonian Hq is extended to the BRST invariant Hamil- 
tonian H of ghost number with {H, Q} M = 0. Physical quantities such as observables 
are determined by the BRST cohomology of the differential s — {Q, ■ } M in the space 
of functions F(z, r/, V) on the extended phase space. Time evolution is generated by the 
BRST invariant Hamiltonian H according to F — {F, H} M . 

2.2 Master action for first order gauge theories 

In this subsection, we discuss in some details the proper BV master action for Hamil- 
tonian gauge theories. The reader may wish to skip these details and go directly to the 
summary, which is the only part that is explicitly needed in the rest of the paper. 
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The information on the symplectic structure, the dynamics and the constraints of 
the theory is contained in the extended Hamiltonian action, 

(2.3) S E [z, A] = J dt (z A a%° -H + X a °G ao ), 

where A a ° are Lagrange multipliers. If the symplectic two-form is defined by 

f)R n Mo 8 R n M ° 

(2-4) = --^jr - (-l)CA+D(B+i)^ fl B 



8z B y ' dz A ' 

M 



the Poisson bracket is determined by [z A , z B } = aj^ o with cr^cr^? = S A <. Variation 
with respect to all the fields z A ,X a ° gives as equations of motions both the dynamical 
equations and the constraints: 

(2.5) z A = {z A ,H } Mo , G ao =0. 

A generating set of gauge symmetries for this action is given by 

(2.6) 5 e z A = e a °{G ao ,z A } Mo , 

i 



(2.7) 5 e X ao = e a ° - X co e bo C boco ao - e bo V k a ° 



for some gauge parameters e a ° 

In the field-antifield approach, the functional which contains all the information on 
the classical action and its gauge algebra is the proper solution S of the classical master 
equation, 

(2.8) l(S,S) = 0. 

In the case of the extended Hamiltonian action, the proper solution S is required to start 
like the original action ()2.3j) . to which one couples through the antifields z% A* o the gauge 
transformation 1)2.6)1 . (J2.7j) of the fields with the gauge parameters replaced by the ghosts 
C a °. One also needs to couple the terms containing the Lagrangian reducibility operators, 
(which are determined by the Hamiltonian reducibility operators Zal' 1 ) and introduce 
associated ghosts for ghosts and their antifields. The antifields can be chosen to be real 
and are defined to be canonically conjugate to the fields with respect to the antibracket 
(-,.). Additional terms in S are then uniquely determined by the master equation 1)2.8)1 . 
up to anticanonical transformations in the antibracket. The proper solution S associated 
to (j2.3j) can then be shown to be given by 

S[z,z*,X,X*,r ] ,r ] *}= f dt (z A a%° + ^ rf*V ak - H 

J k>0 

(2.9) -4 b A ^} M - D AClfc {Va k ^} M + v: k {v a \n} M }), 

where the identifications C ak = rj ak , C* fc = r]* k and V ak = —X* k have been made 3 



3 For later convenience, some signs have been changed in equations (|2.3fl . I|2.6|l and (|2.7|l with respect 
to those of ■ In H^.9|l . they imply the change O — > — O. 
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Usually, in order to fix the gauge, one introduces a nonminimal sector, containing 
antighosts in ghost number —1, their momenta in ghost number 1 and auxiliary fields in 
ghost number 0. Then, a gauge fixing fermion T in ghost number —1 that depends only 
on the fields is chosen. The choice of T is determined by the requirement that there be 
no more gauge invariance in the dynamics generated by the nonminimal master action 
obtained after application of the anticanonical transformation generated by T and after 
setting to zero the transformed antifields. This gauge fixed action can be taken as a 
starting point for a path integral quantization and the partition function can (formally) 
be shown to be independent of the choice of T. 

For the master action (|2.9|) . it is possible to fix the gauge without introducing a non- 
minimal sector: indeed, by considering the anticanonical transformation which consists 
in the exchange of fields and antifields for the sector of the Lagrange multipliers, 

(2.io) (x ak ,K k ) — (-K k A ak ) = (v ak ,v^), 

the equations of motion are in first order form. The new fields are then the fields 
z a = (z A , r] ak , Va k ) that are naturally associated with the Hamiltonian BRST formalism. 
The antibracket for two functionals A[z, z*], B[z, z*] is defined by 

The solution S of the master equation (|2.5j) can be rewritten in a compact way as 
(2.12) S[z,z*] = J dt(z a a^-H-{z:z a ,n} M ). 

An additional gauge fixing generated by the fermion T = J dt K(z) can then be con- 
sidered. Its effect is to change the BRST invariant Hamiltonian by a BRST exact term, 
H — ► H + {K, Q}. Note that after putting to zero the antifields 2*, the constraint equa- 
tions (J2.5)) are no longer imposed as equations of motions since the associated fields have 
been put to zero. 

In the following, we will not put to zero the antifields obtained after a canonical 
transformation generated by T. This is because during the renormalization process, 
the antifields allow to conveniently control the Ward identities due to BRST invariance 
under the form of the Zinn- Justin equation for the effective action. To lowest order in h, 
it is the antifield dependent BRST cohomology of the differential s — (S, ■) that controls 
gauge invariance on the quantum level. This cohomology is invariant under canonical 
transformations and the introduction of a non minimal sector. Hence, from this point of 
view, one can forget about gauge fixing and directly discuss the cohomology associated 
to the master action ([2. 12)1 . In turn, this cohomology computed in the space of functions 
in the fields z a , the antifields z* a and their (space)time derivatives can be shown to be 
isomorphic to the Hamiltonian BRST cohomology of the differential = {Q, - }m in the 
space of functions in z a (and their spatial derivatives). In the space of local functionals, 
which is the relevant space in the context of renormalization, the relation between with 
the Hamiltonian BRST cohomology is more involved [38J. 
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Summary: 

From the above construction of the solution (J2.12j) to the classical master equation, we 
can learn the following. Suppose that the following data is given: 



a (super) phase space with coordinates z a and symplectic 2 form generated by 
a a (z) with associated Poisson bracket {z a , z^} = a^(z), 

a ghost number grading Q on the phase space, 



• a nilpotent BRST charge Q in ghost number 1, whose cohomology determines the 
physically relevant quantities on the phase space, 

• a BRST invariant Hamiltonian H in ghost number determining the time evolu- 
tion. 

Then, in the space of functionals in the fields z a (t) and additional independent antifields 
z*(t) of ghost number —gh(z a ) — 1 equipped with the antibracket given by (j2.11|) . the 
proper solution of the master equation is given by (j2.12|) . In order to recover the gauge 
invariant equations of motion (including the constraints) after putting to zero the anti- 
fields, the interpretation of which are the fields and which are the antifields should be 
reversed for the fields in negative ghost number, (V a ,V* a ) = (—A*, A a ) — ► (A a , A*). 

2.3 Superfield reformulation 

A superfield reformulation [HI] of the master action ()2.12j) is achieved by introducing an 
additional Grassmann odd variable 9 of ghost number one. 

Given an extended phase space M., one associates a space £ of maps z a = Zg(t,9) 
from the (l|l)-dimensional superspace spanned by t and 9 to M.. This space is a super- 
extension of the space of field histories z a (t) (maps from t to M). Functionals on S can 
be identified with functionals in the fields and antifields of the previous section. Indeed, 
one can expand z$(t,9) into components 

(2.13) z a s (t, 9) = z a (t) + 9z* p (t)a^(z(t)) , 

which is consistent with the various ghost number assignments. To every functional A[zs] 
one can associate the functional A[z, z*] obtained by using this expansion. Conversely, 
to every functional A[z, z*] corresponds the functional A[zs] = A[f d99zs, J d9zs<r(zs)]. 
Functionals on E are equipped with the odd Poisson bracket 

r fi R A fi L R 

(2.14) (A,B)[z s \ = / dtd9——- ( r^(z s (t 1 9))- - 



sz%(t,9) MKaK ' "64{t,ey 

with (^4, B)[z + 9z*a~ 1 ] = (A, B)[z, z*\. This Poisson bracket is odd and of ghost num- 
ber 1. Functional derivatives are defined as 

r s L A f S R A 

(2.i5) sa = J *»«■(«,,) = J j^j^b) me. 
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The master action S[zg] corresponding to S[z, z*\ given in (|2.12|) can then be written as 



(2.16) 



S[zs) 



dtdO 



Dz^i 



z s ) - 6H(z s ) - n(z s ) 



with D = 6>f . 

The superfield reformulation regroups fields and antifields in convenient supermulti- 
plets so that the antibracket is induced by the extended Poisson bracket. 



2.4 BRST operator quantization 

The BRST operator quantization consists in realizing the functions on the extended 
phase space as linear operators in a super Hilbert space Tt together with the correspon- 
dence rule [A, B] = ih{A, B} + 0(h 2 ), where [-, ■] denotes the graded commutator and 
A, B are phase space functions with associated linear operators A, B. 

These rules imply in particular that |[f2, fl] = 0(h 2 ) = [H,Ci\. In the following, we 
assume that we are in the non anomalous case, where 

(2.17) -[&,&] = 0, [H,n]=o, 

and fl, H are hermitian operators in the inner product (ip, (j)), which is non degenerate 
but not necessarily positive definite and makes the real classical variables hermitian 
operators. Furthermore, we take h — 1. For a super Hilbert space, 

(2.18) (v^y = (-i)Mi*i<& v>, 

(2.19) <V,i0> = (-1) WI (AV,0>, 

where \<f>\, \ A\ denotes the Grassmann parity of the state, respectively the operator A. 
The relation to standard Hilbert space with even and odd elements, for which the above 
formulas do not involve sign factors, is explained for instance in |39| . 

In what follows, we are not interested in a probabilistic interpretation of the quantum 
theory, but rather in an associated classical field theory. This is the reason why we are 
not concerned here with questions related to the normalizability of states or to the infinite 
dimensionality of the Hilbert space. 

The ghost number of an operator is obtained by taking the graded commutator 
(from the left) with the antihermitian operator Q. We assume that 7i splits as a sum 
of eigenstates of Q, H = ®pH p with Qip p = pifj p for if) p e TC p . It then follows from the 
antihermiticity of Q that (if) p , </y) ^ only if p + p' = 0. This means that the ghost 
number of the scalar product (, ) is zero. The ghost number p of a state can be shown 
to be p = p + k for some integer k with p — or p = ^. 

The case where Pq = \ arises if the number of independent constraints is odd. In 
this case, one can include some of the Lagrange multipliers A a and their momenta b a 
among the canonical variables, {A a ,f>fc} = 5%, together with the new constraint b a ~ 0. 
On the level of the classical BRST formalism, this implies adding to the extended phase 
space the antighosts C a of ghost number —1 and their momenta p a of ghost number 1, 
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{p a , Cb} = — 8% . All these variables are chosen to be real. The BRST charge of the 
system is then modified by the addition of the non minimal piece Q nm = p a b a . Hence, by 
adding the cohomologically trivial pairs (A a , b a ), (p a , C a ), one can always assume p = 0, 
which is what we do unless otherwise specified. We also assume that the inner product 
is even, (ip, <p) — if if> and <p are of opposite parity. 

Physical operators are described by hermitian operators A such that 

(2.20) [A,Cl\ = 0, 

where two such operators have to be identified if they differ by a BRST exact operator 

(2.21) A~A+[B,n]. 

These two equations define the BRST operator cohomology. 
Similarily, physical states are selected by the condition 

(2.22) Clip = 0. 

Furthermore, BRST exact states should be considered as zero, or equivalently, states 
that differ by a BRST exact ones should be identified 

(2.23) ip~ip + tt x . 

These two equations define the BRST state cohomology. 

Finally, time evolution is governed by the Schrodinger equation 

(2.24) = Hip. 

3 BFV and BV formalisms for BRST first quantized 
gauge systems 



3.1 Geometry of BRST quantum mechanics 

Let {e a } be a basis over R of the graded Hilbert space Ti such that the basis vectors 
are of definite Grassmann parity \a\ and ghost number gh(e a ). A general vector can be 
written as if> = e a k a , with k a G R. To each e a , one associates a real variable \l/ a of parity 
\a\ and ghost number — gh(e ). These variables are coordinates of a supermanifold Ai-n 
associated to Ti. The algebra of real valued functions on this supermanifold is denoted 
by 0. Introducing the right module TL® —H.®<& |10j, the "string field" appears as the 
particular element ^ = e a ^ a of this module. At this stage, it is even and of total ghost 
number 0. 

The sesquilinear form (•, •) onTi can be extended to elements ipf and <pg of H©, with 
f(9),g($) E <& by the rule 

(3.i) m4>9) = (-iy m (i>,<i>)f9- 

A linear operator A on TC is naturally extended to TL&: A(ipf) = (Aip)f. 
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The real and imaginary parts of this inner product, 

(3.2) <V>,0> = +iu(ipA) 

are respectively graded symmetric and graded skew symmetric, 

(3.3) gfaf) = (-1)^1^(0,^), 

(3.4) = -(-l)WWw(^V). 

The forms <?(•, •) and u>(-, ■) are extended to 7i© in the same way as (-, ■). 

If TC is considered as a superspace over real numbers, both g(tp, (/)) and uj(i/j, 4>) are 
M-bilinear forms on Ti. The complex structure J is the linear operator that represents 
multiplication by i. As a consequence, 

(3.5) g(j(f>,Jtl))=g((t>,if)), u( J<f>, Jtp) = ^) • 

(3.6) g{J(l>,i>) = u{<t>,i>)- 

Furthermore, the operator J commutes with C-linear operators. 

Introducing the coefficients oj a b = (— l)' a '^(e a , e&) and defining w ab through a; ab a;fe c = 
5®, an even graded Poisson bracket on of ghost number is defined by 

d R f,. ab d L g 



To each antihermitian operator A, one associates a real quadratic function F^(^Sf) G <5 



(3.7) {/•//! — 
by 

(3.8) F A (*) = ±(*,-jA$). 

Antihermiticity implies that F|(*) = |o;(*,A*) = -~u;(^4\I/, This map is an 
homomorphism from the super Lie algebra of antihermitian operators to the super Lie 
algebra of quadratic real functions in (£> equipped with the Poisson bracket 

(3-9) {F A iFz} = F [AA . 

The map is compatible with parity and ghost number assignments, gh(i^) = gh(A), 

\F A \ - A\. 

For hermitian operators, we define A(\l/) = F_j A . Because of hermiticity 

(3.10) A(*) = A*) = ~g^f, itf) = ~g{A^f, 
Furthermore, the properties of J imply that 

(3.11) {A,B} = ~(*, [A,B]*). 

In particular, for the hermitian BRST charge Cl and the hermitian BRST invariant 
Hamiltonian H, equations (J2.17)) imply 

(3.12) i{tt,ft} = 0, {H,ft} = 0, 
where H, f2 are of total ghost numbers and 1 respectively. 
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3.2 BRST quantum mechanics as classical BFV system 

The Schrodinger equation in terms of \l/ a can be written as 

(3.13) — = -{jmy = {^ a , H}, 

so that time evolution of elements ffif) G & is determined by the Hamiltonian flow of 
H, 

(3.14) I = {/ ' H} - 

On the physical state condition (|2.22|) defines a submanifold, the constraint 

surface determined by 

(3.15) n^ b ^o. 

Because 

(3-i6) {.,n} = ^i(-jn*)«, 

the constraint surface can be identified with the zero locus of the Hamiltonian vector 
field associated to ft, 

(3.17) G a = {# a , CI} » . 

By using the graded Jacobi identity for the Poisson bracket and taking (|3.12|) into ac- 
count, these constraints are easily shown to be first class, 

{G a , G b } = {{vr, n}, {* 6 , n}} = n>, * 6 }, n> 

3.18 = U^J^llZ ^ G c « 0. 

Furthermore, since f2 is quadratic in these constraints are in fact abelian, 

(3.19) {G a ,G b } = 0. 

On M.-H-, the identification (|2.23|) of states up to BRST exact ones, corresponds to 
taking functions on that are annihilated by the distribution generated by fi^J^-. This 
distribution is equivalently generated by the adjoint action of the constraints {G a ,-}. 
The Hamiltonian H is also first class, 

(3.20) {H, G"} = {{H, n} = ^ G . 

Hence, from the point of view of M.ui BRST quantum mechanics becomes a clas- 
sical constraint Hamiltonian system. According to the Dirac theory, an observable is a 
function f(^f) G <S such that {/, G a } ~ 0. Two such functions should be considered 
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equivalent if they coincide on the constraint surface, / ~ / + A a G a . Equivalence classes 
of observables then form a Poisson algebra with respect to the induced bracket. 

The classical Hamiltonian BRST approach described in subsection 12.11 consists in 
extending the phase space in order to encode this Poisson algebra in terms of the coho- 
mology of a BRST charge. This will however not be straightforward in the case of the 
zero locus constraints G a , because they are reducible due to the nilpotency of Q, and 
for the obvious reducibility operators, they are infinitely reducible. 

In fact, it turns out that for the zero locus constraints G a , there is actually no need to 
extend the phase space. Indeed, the Poisson algebra of equivalence classes of observables 
is isomorphic to the cohomology of the BRST charge fi itself, equipped with the induced 
Poisson bracket. This has been shown in [21], where constraint systems originating from 
the zero locus of a generic Hamiltonian BRST differential have been analyzed. A proof 
adapted to the particular BRST charge O is given in appendix B. 

As a side remark, let us note that treating the zero locus of the BRST charge as a 
constraint surface is analogous to considering the master action S as a classical action; 
in this case, the zero locus of the BRST differential s = (S, ■) is the stationary surface 
associated to S (see e.g. jUJ US 121 ) • 



3.3 Proper master action for BRST quantum mechanics 

According to subsection !2.2l the solution of the master equation associated to the classical 
Hamiltonian BRST system on the phase space M.-H described by H and O is given by 

(3.21) S[tf , vl/*] = J dt [l u (p, j*) - H - {%V a , SI}] 
which can be written as 

(3.22) S[% V*} = \ J dt ( - i(% j*) + (% m)- 

where = ^>* b u ha and = ej&* a . As explained in section [2~2l the role of fields and 
antifields has been exchanged for those fields that are in strictly negative ghost numbers. 
According to subsection 12 .3[ we now introduce 

(3.23) %{t, 9) = y a (t) + 9^* a {t), 
and also the ghost number object 

(3.24) *5 = e o *S(t,0). 
The proper solution ()3.22)1 can then be written as 

(3.25) S[* s ] = - J dtdO ( - -* s > + 6(* s , H^s) + 6*s>) ■ 
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By construction, it satisfies the master equation with respect to the antibracket ()2.13|h 
with z§(t, 9) replaced by 0), 



5 R A b 8 L B 

Lu 



(3.26) (A B )[* S ] = (-D'^/^4 Mr 
For later purposes, it will be useful to rewrite the master action as 

(3.27) S[* s ] = \j dtd9 {~i6j t + 9H + Cl)* s ) . 



4 Master action and time reparametrization invari- 
ance 

4.1 Tensor constructions 

Given two first quantized BRST systems with super-Hilbert spaces Hi, i = 1,2, their 
respective BRST charges Cl t and Hamiltonians Hi, the tensor product Ht = Hi ®c ^2 
is again a super Hilber space. For later use, we do not assume in this section that the 
inner products on Hi are even, but we allow them to be of arbitrary parity £j. We also 
admit the possibility of fractionalization of the ghost number. The Grassmann parity 
and the ghost number of the state <pi ® <p 2 is naturally |0i| + \<p 2 \ and gh(0i) + gh(0 2 ) 
respectively. The inner product on Ht is determined by 

(4.1) (01® 02, Vl®V2>T= (-l) MM (<i>h ^l)l(02, ^2)2. 

It is of parity ei + e 2 and non degenerate (for Ht considered as a complex space) provided 
the ones on Hi and H2 are. 

Linear operators A* on Hi determine a linear operator At on Ht by 

(4.2) i T (0!®^) = (Al® 1 + 1® 40(01®^) = (il0l)®^2 + (-l) |A2|l0l| 01®(i 2 ^2). 

The various definitions imply that 

(4.3) Air = (A ® 1 + 1 ® A 2 y =AJ®l + l®iJ, 
and 

(4.4) [A T , B r ] = [A, Si] ® 1 + 1 ® [A 2 , B 2 ] . 

In particular, the BRST charges f2j and the BRST invariant Hamiltonians Hi determine 
hermitian operators and H T such that \[&t, &t] = and [Ht, &t] — 0. Furthermore, 

(4.5) H{(l T , H T ) = H{£l x ,Hi)® c H(fl*, H 2 ). 
The formal proof is elementary and given in appendix C. 
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If {e a , e s } is a basis of TCi (see appendix A), while {E&, E^} is a basis of Ti!^ , then 
{e Q ®i?A, e s ®.E A } is a basis of TC?,- F° r these basis vectors, one can consider the complex 
coordinates \& aA and \I/ aA for the supermanifold M.t associated to the superspace TCt 
and also the associated complex valued functions <5y. The string fields can now be 
defined by 

(4.6) ^ T = (e a ® e A )^ QA + (e a ® E A )^ A . 
The functions 

1 1 

(4.7) ft T = --(V t ,£ItVt)t, H t = --(V T ,H T V T ) T , 

satisfy 

(4.8) ^{n T ,n T } T = o = {H T ,n T } T , 

where { • , • } T denotes a Poisson bracket or antibracket on (5^ determined by imaginary 
part of (•, -)t- Note, however, that when (•, -)t is odd, so is the Poisson bracket {•, -}®t. 
In this case, it is also called "antibracket" and O-r is a master action. 

If {eg, e§}, {Eq,Eq} are bases over C of H(Cti,TCx), H(£l 2 ,TC2), ^ follows from 
appendix B and appendix C that the cohomology of {-,Qt}® t is isomorphic to real 
functions in ty ee and ty e@ . In particular, if H(Cl2,H.2) is a one dimensional space over C 
with basis vector E such that gh(£) = 0, \E\ = 0, then H(n T ,H T ) ^ #(fii,fti). It also 
follows that the cohomology of {•, J1t}© t in ®t is isomorphic to that of {•, fii}^ in 

Suppose that contains a quartet or a null doublet. Let A = (i, A'), where i runs 
over the states of the quartet or the null doublet. Not only do these states not contribute 
to the cohomology, but they can also be consistently eliminated from fl T by reducing 
the string field used in the construction of Qt to 

(4.9) V' T = (e a g> E A ,)$ aA ' + (e a <g> # A ,)^ A ' . 

This elimination is algebraic. If the parity of (-, -}t is odd, it corresponds to the elimina- 
tion of "generalized auxiliary fields" of the master action discussed in In the case 
where the parity (■, is even, it is an Hamiltonian analogue of this concept. 



4.2 Reinterpretation of master action for BRST quantum me- 
chanics 

Consider now the super Hilbert space Ht,e obtained by quantizing the phase space 
(t,po), (9, ir) in the Schrodinger representation. The wave functions are tp(t, 9) = (po(t) + 
9ipi(t), while the inner product is given by 

(4.10) (<P,Q)t,e = j ' dtd9(p{t,9)g{t,9). 

d 1 

The ghost number operator is given by Q t ,e = — - so that gh(</? (t)) = —\, 
gh(9ipi(t)) = I and we take |0o(*)| = 0, |0<£>i(t)| = 1 so that the inner product is 
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Grassmann odd and of ghost number 0. For the super Hilbert space TCm — Ti ®c TCt,e, 
where Ti is an even super Hilbert space, states are of the form e a &g(£) + e a 9k®(t). Real co- 
ordinates on the supermanifold M.n M associated to TCm can be chosen as h$(t) — > ^f a (t), 
kf(t) — » ^* a {t). The ghost number object \&s introduced in (|3.24|) can now be identi- 
fied with the string field ^ m associated to TCm, = ^m- The odd inner product on 
TCm is denoted by (■, -)m and extended to TCm <£> ®m, where £5m is the algebra of real 
functions in \l/ a (£), \l/* a (£). The master action ()3.27j) can now be written as 

(4.11) S[* M ] = 

(4.12) Cl M = e(Po + H)+n. 

In this case, the imaginary part of this inner product determines an odd symplectic 
structure on M-u M - Its inverse is an antibracket, which coincides with (|3.26|) . up to ghost 
number assignments discussed below. Only when the BRST invariant Hamiltonian H 
vanishes is Qm the tensor product of the BRST charges Q and 9p . 

From the expression of Qm, we can deduce how to arrive directly at (j4.11|) : make the 
original classical Hamiltonian system time reparametrization invariant by including the 
time t and its conjugate momentum p Q among the canonical variables and adding the 
first class constraint po + H Q « 0. The BRST charge for this system is then given by Qm, 
with {6, 7r) the "time reparametrization" ghost pair associated with this new constraint. 
The quantization of this system then leads directly to TCm with its odd inner product 
and the master action (j4.11|) . 

From the point of view of TCm, the ghost numbers of fields and antifields are half 
integer and differ from the standard ones by one half. In particular physical fields are 
those at ghost number |). This originates from the additional ghost number operator 
Qt,e and our convention for the string field ghost number. Indeed, the fields \l/ a (t), \l/* a 
now have ghost numbers \ — gh(e a ) and — \ — gh(e a ) instead of — gh(e a ) and — 1 — gh(e a ), 
which is the natural assignment from the point of view of the BFV system associated 
to BRST quantum mechanics, and, as explained in subsection 13.31 also leads to the 
standard ghost number assignments in the associated BV formalism. From the point 
of view of TCm the standard ghost number assignment for the fields, antifields and the 
antibracket are thus obtained by shifting the ghost number by | so that the inner product 
carries ghost number —1, while the antibracket is of ghost number 1. 

To summarize, we have thus shown that (j4.11j) is the proper solution of the master 
equation for a first quantized BRST system defined by H and Cl on Ti. The antibracket 
is determined by the inverse of the imaginary part of the inner product (•, -)m defined 
on TCm- Moreover, after shifting, all physical fields are among the fields associated to 
ghost number zero states while those associated to negative and positive ghost number 
states are respectively ghost fields and antifields. 

4.3 Time reparametrization invariant systems 

Suppose now that the BRST invariant Hamiltonian H vanishes, as in time reparametriza- 
tion invariant systems. Suppose furthermore that the original system has an odd in- 
ner product (-, -) st . This is the case for instance for the relativistic particle or for the 
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open bosonic string, where the ghost pair (77, V) associated to the mass-shell constraint 
p 2 + m 2 ~ 0, respectively L ~ 0, is quantized in the Schrodinger representation. Ac- 
cording to our discussion in subsection 12 A\ in order to have an even inner product and 
no fractionalization of the ghost number, the system is extended to include the La- 
grange multiplier A and its momentum b, together with the ghost pair (C, p) associated 
to the constraint 6^0. The BRST charge picks up the additional term bp and the 
pairs (A, b), (C,p) are both quantized in the Schrodinger representation, yielding the 
odd Hilbert space 'H\ ) c- Hence, the even Hilbert space TL with BRST charge fl is of the 
form TC st ®c 7~L\.Ci where 7i st is odd with Cl the tensor product of Cl st and bp. 

The master action (J4.ll)) can then be understood as resulting from the original system 
described by the odd Hilbert space H st , the BRST operator Cl st and the associated master 
action 

(4.13) S st =i(* st A t * st ) st! 

tensored with the system described by the even Hilbert space H anx = 1~t\£ ®<c T~tt,e with 
inner product (•, -^ux, the BRST operator f2 aux = bp 1 + 1 (g> 6po and the associated 
BRST charge 

(4.14) O aux = --(tfaux, ^aux^aux)aux • 

On the classical level, the auxiliary system is described by the pairs ((A, 6), (t,po)), the 
constraints b ~ ~ po and the ghost pairs ((C, p), (9, n)). The associated BRST charge 
O aux = pb + 9p describes 2 trivial pairs and its cohomology is generated by a constant. 
On the classical level, one can thus simply get rid of these pairs. The question then is 
whether first quantized BRST systems (and the associated classical field theories) that 
differ by the quantization of classically trivial pairs are equivalent. 

If the 2 pairs had been quantized in the Fock instead of the Schrodinger representa- 
tion, then equivalence could have been directly established. Indeed, all the states except 
for the Fock vacuum | 0) form quartets. Hence, according to the discussion in subsection 
14. 1| the proper master action (|4.14jl can be consistently reduced to the master action S st . 

4.4 Quantization of trivial pairs and Chern-Simons 

When the 2 pairs are quantized in the Schrodinger representation, it is convenient to 
rename them as a 1 ,pi,a 2 ,p 2 , with [<r a ,p^] = i5p. The associated fermionic ghost pairs 
are r/ 1 , V\, r/ 2 , V2, with gh(^ a ) = 1 gh(P Q ) = —1 and \P w rf \ = Wave functions 

and inner product are chosen as 

(4.15) (0,V> = J da 1 da 2 dr) 1 dV2^a, V 1 ,V2Ma 1 r) 1 ,V 2 ) = 

= J da 1 da 2 drj l dV 2 h^a, rj\ V 2 )?P j (a, V \V 2 ) , 

where in the second line we have expressed the hermitian inner product in C in terms 
of two component real-valued wave functions. The BRST charge and ghost number 
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operators are given by 

(4-16) fia^-V^—i, § = ^-1* 9 



da 1 da 2 &P 2 ' ' drj 1 dV 2 ' 

In particular, states of the form ip(x), tj^i/j^x) , T > 2'4 ! (x), and r\ L T > 2'^{x) are respectively of 
ghost degrees 0, 1, —1, and 0. 
The associated string field is 

(4.17) ^ = J d 2 a\a)e l ($i(a) + ri 1 P\a)+V2D\a)+r ] 1 V2$\(a)^ , 

where the ^\(a), §\(a), P l (cr), D l (a) are the coordinates on the supermanifold associated 
to the Hilbert space. Their Grassmann parities and ghost numbers are 

|$»| = |$*| = 0, \P A \ = \D l \ = l 
(4 ' 18) gh($*) = gh($i) = 0, gh(P0 = -l, gh(^) = l, 

so that gh(\I>) = 0, |^| = 0. From a geometrical point of view, this supermanifold can 
be understood as the supermanifold of maps from the supermanifold with coordinates 
<j a ,r] 1 ,V2 (configuration space) to C viewed as a 2-dimensional real space. The Poisson 
bracket corresponding to the symplectic form Im(-, •) is determined by 

(4.19) {¥ 2 (a),^{(a')} = -^5(a - a') , {D\o), P\a')} = u*6(a - a') . 

Let Jj and u>ij denote the complex structure and the symplectic form on C respec- 
tively. Integrating out the Grassmann odd variables r) 1 ,T > 2, using integrations by parts 
and redefining the variables as A\ = §\,A\ = -Jj<&{ and C l = J]D j , the BRST charge 
becomes 

(4.20) ft aux = - J da 1 da 2 9ij [Ai,diC j - A\d 2 C j ] . 

In terms of the new variables, the Poisson bracket is determined by 

(4.21) {A[(a),Ai(a')} = -g^5(a-a'), (C>), P\a')} = -g^5(a-a'), 
where g % * = —J l k oj k i and satisfies g^g^ = 8 l k . The adjoint action s = { ■ , f2 aux } reads 

(4.22) sA^ = d a C l , sC' 1 = , sP l = -d x A\ + d 2 A[ . 

From this it follows that the BRST charge fi aux is the BRST charge of complex Abelian 
Chern-Simons theory. We conclude by giving some additional remarks on this BRST 
charge and the associated master action. 



17 



Remark 1: Superfield formulation 

Introducing the Grassmann odd superfields A 1 of ghost number 1 

(4.23) A\a, V ) = &(a)+frA* l[ (*)+r?rj L P t (a), 
the brackets (j4.21|) are equivalent to 

(4.24) (A'^AV,?/)} = -g ij 5(a-a')8( V -r,'). 
The BRST charge ()4.20|) can then be rewritten as 

(4.25) fi aux = -~ J da l da 2 dr, l dr, 2 gij Vtfdi + r, 2 d 2 )tt . 

Applying the superfield reformulation to get the master action for a BFV system de- 
scribed by the BRST charge O and vanishing Hamiltonian, one gets 

(4.26) S = \J d^d^d^drfdrfdrf gij (a^°<9 + r 1 1 8 l + rfd 2 )A^ , 

where the time coordinate is denoted by <t°, the associated Grassmann odd variable by 
rf and A l s is the superfield depending on a M , rf , with \i — 0, 1, 2. 

This coincides with the well-known AKSZ representation [13] of the master action for 
Abelian Chern Simons theory. The standard formulation can be recovered by identifying 
if 1 with da^ so that the action takes the form S = | J 9ij{A l s A dA 3 s ), where d is the de 
Rham differential. 

Remark 2: Coordinate representation for the ghosts 

If both ghost pairs are quantized in the coordinate representation, one can arrive directly 
at ()4.25|) because the superfield ()4.23|) then appears as the projection of the string field 
on (a\. Indeed, the BRST and ghost number operator act on the states as 

(4.27) «="^. 5 = ^-1. 

In particular, states of the form i/j(a), rj a ijj a (a), and T) 2 V 1 x(°') are respectively of ghost 
degrees —1, 0, and 1. In order to have a bosonic field theory, we assign Grassmann parity 
k mod 2 to the states of ghost degree k. This implies defining the inner product on the 
super Hilbert space by 



(4.28) ((j), ifj) = / d^da'drfdrf 0(a, 77) ifj(a, rj) 



so that {(f), ip) = (— (-0, (J)). The associated string field of total ghost number and 
Grassmann parity zero is now 

(4.29) * = J d 2 a\a)e i A i (a,r ] ) , 

and the corresponding Q = — ^(ty, £l$f) coincides with (I4.25J1 . 
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Remark 3: Non Abelian Chern-Simons theory 

In |43| . the expression for the master action is derived for the Lie algebra of a compact 
Lie group. Using the same reasoning as above, it can easily be shown that the associated 
BRST charge can be compactly written as 

(4.30) n = -i J da 1 da 2 dr ] 1 dr?( K g u A\r 1 l d l + rfd 2 )A J + ^f IJK A I \ J \ K ). l 

where gu denotes the invariant metric and Jijk = gibfjK- Put differently, the BRST 
charge for Chern-Simons theory has exactly the same form as the AKSZ master action 
(and therefore the classical action). Only the source supermanifolds are different: for 
the master action, the superdimension is (3|3), while for the BRST charge it is (2|2). 

Similar remarks apply for the BRST charge and the master action of the Poisson 
sigma model |4H |4"51 l4T)j . 

5 Discussion 

The new feature of the present paper is the shift of emphasis, on the level appropriate 
for second quantization, from the master action to the BRST charge. Given a gauge 
system quantized according to the Hamiltonian BRST approach, one can always make 
the number of constraints even if necessary. The associated object O = — City) is 
then a nilpotent BRST charge with respect to the even Poisson bracket induced by the 
imaginary part of the inner product. Out of this BRST charge, the master action can 
be constructed according to a standard procedure. In particular, for closed string field 
theory for instance, O is naturally a BRST charge, without the necessity of adding trivial 
pairs. We plan to discuss this issue in more details in future work. 
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Appendix A: Formulation of supermanifold in terms of complex 
coordinates 

The geometrical structures on the supermanifold Aiy, can be conveniently expressed in 
terms of complex coordinates. We follow (4*7] . 
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Consider the complexification Ti = Ti ® R C where Ti is considered as above as a 
superspace over R. The complex conjugation of a vector of the form aip, ip G Ti, a G C 
is defined as aip so that the original Hilbert space Ti is a subspace (over R) of vectors 
satisfying ip — ip. 

All R-linear operations on Ti can be be extended to Ti c by C-linearity. In particular, 
Ti c decomposes as Ti c = Ti 1 ' © Ti ' 1 with 

(5.1) H = i^ VfGH 1,0 , J<p = -i(j) VcPeTi ' 1 . 

Complex conjugation defines a real linear isomorphism between Ti 1 ' and Ti 0,1 . Intro- 
ducing a basis {e a } for Ti 1 ' and {e a } for Ti ' 1 such that = e & , the inner product (•, •) 
extended by C bi-linearity is determined by 

(5.2) (e a , ep) = {-l^h^p , (e a , ep) = (e a , ep) = (e a , ep) = . 

The graded-symmetric and graded-antisimmetric components g and u of (,) are deter- 
mined by 

(5.3) g{e^ep) =\{-lpKp , g(e a ,ep) = I(-lf l+WI hp a , 

(5.4) W (e a> e,) = ^(-l) |s| ^ , u;(e a , ep) = -I(-lf M"I% Q , 

with all other components vanishing. From (e a , e^) = (e a -|-e a , ep + ep) and the fact that 
e a + 6a is a real vector it follows that 

(5.5) i^-p = (-iy+^^hp a . 

By considering 7i as a space over R, C-linear operators are identified with R linear 
operators commuting with J. In the basis e a , e a , this means that the matrix of such an 
operator A is block-diagonal with only the diagonal blocks A^ and A^ nonvanishing. The 

fact that A is extended from Ti to Ti c by C-linearity implies that A maps real vectors to 
real ones so that A(e a + e a ) is again a real vector, which in turn implies that A'g = A% 
Associated to the basis elements e a ,ep, one then introduces variables \|> a ,\|/ a with 
|vj/a| _ |^aj _ | anc [ gb(\[/ a ) = gh(\l/ a ) = — gh(e a ) and considers (3 C , the algebra of 
complex valued functions in these variables. The complex conjugation in Ti c naturally 
determines a complex conjugation in <5 C through = \l/ a so that the real elements of 
(25 c can then be identified with C5. The symplectic form oj on Ti c determines a Poisson 
bracket in <3 C determined by 

(5.6) {* Q , ^} = 2ih a P , h a ph^ = 6° . 
The string field is then given by ^ = $ a e a + \I/ a e a . 

Appendix B: Dirac observables and cohomology of (vE'^vE'} 

Formally, one can assume that a real basis {e a } = {e^, f m ,g m } in the Hilbert space Ti is 
chosen such that 

(B.l) (-jti)ei = 0, (-jn)f m = 9m, (-Jti)g m = 0. 
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The associated coordinates of the supermanifold are = T m , $ m }. On the one 
hand, the differential becomes 

(B-2) ^ = 1^' 

so that H({-,fl}) is isomorphic to the algebra of functions in alone. On the other 
hand, the constraints are given by T m ps 0. Antihermiticity and nilpotency of — JQ 
implies that the symplectic structure in the basis {e i: f m ,g m } becomes 

(uiij io im 
UJlm 

with both ujij and iO\ m non degenerate. The inverse has the form 
(B.4) 

1 ' w 

with both uji 1 and u mp non degenerate. This implies that the adjoint action in the Poisson 
bracket of the constraints T m generate shifts in the $ m , which are thus coordinates 
along the gauge orbits. Hence, equivalence classes of Dirac observables also correspond 
to functions in alone. 
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Appendix C: Quantum BRST state cohomology of tensor prod- 
ucts 

Let {k a } and {-^a} be bases over C in H, 1 and Ti.2 respectively. Then the vectors 
k a A — k a <8> K\ provide a basis (over C) of the tensor product Tii ®c tii- Assume that in 
the bases k a = {kg,f-y,g-y} and Ka = {K&, Fp, Gr}, the BRST charges Oi and Cl 2 take 
the Jordan form, 

&ik e = 0, (l 1 f m = g m , Clxgm = 0, 
VL 2 Kq — , = Gm , VL 2 Gm = . 

One then can check that the vectors 

kee = h® K e 
/ 7 r = / 7 ® F r , / 7 r = ^(<7 7 ® F r - (-l) 1 ^ ® G r ) , 
( C - 2 ) f$r = k e ®F r , f° e = f 7 ®K e 

g lT = 9l ®F r + (-l)^l/ 7 ® G r , V = (-1)' 9 ^ 7 ® G r , 
5r° F = (-l)l^l^ O C r , g° J@ = g 1 ®K @ 

form a Jordan basis for (l?. Hence, the cohomology of (l? is the linear span over C of 
k ee = k e (g)K , so that H(n T ,H T ) = #(^1, fti)® c #(^2, ^2)- 
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